This paper extends the dynamic programming, utility maximization model proposed by Wang (2004) to value an investment opportunity whose income streams follows a regime-switching process in incomplete markets. Specifically, the model is applied to solve for certainty equivalent of an investment opportunity in a two-regime, five-branch lattice. The application is then expanded to a more general case of multi-nodes and multi-regimes. The finding indicates that investor's risk attitude is a non-trivial factor in investment decision-making. When the investor is more risk-averse, the certainty equivalent of an investment opportunity is shown to be lower. Numerical analysis also reveals that the inverse relationship between certainty equivalent and risk attitude is less sensitive when the market is less incomplete. Finally, the application of valuing an investment opportunity whose project value follows a discrete regime-switching process has been successfully integrated into the utility maximization model.
Introduction
The main obstacle of valuation present in incomplete markets is that not all contingent claims are attainable 1 . For this reason, Wang (2004) suggested a discrete dynamic programming framework for evaluating uncertain income streams, generated from an investment opportunity in incomplete markets, in the form of certainty equivalents (CE). He shows that the value of income streams may be obtained by deriving 1 A contingent claim is said to be attainable when there exists a trading strategy which can replicate the payoffs of the contingent claim at all times by an asset or a portfolio. (See Pliska, 1997, p.17) the CE either from the buying price approach or the selling price approach. 2 This paper further extends the dynamic programming, utility maximization model proposed by Wang to value an investment opportunity whose income streams follows a regime-switching process. Specifically, the model is applied to solve for certainty equivalent of an investment opportunity in a tworegime, five-branch lattice. The application is then expanded to a more general case of multi-nodes and multi-regimes.
Research Purposes
Along the line of various utility maximization models in Smith and Nau (1995) , and Smith (1998), Wang suggests a dynamic programming, utility maximization framework for evaluating income streams generated from an investment opportunity in incomplete markets. Unlike the earlier integrated models, Wang demonstrates a general case which allows for both market uncertainty and private uncertainty to be resolved in utility maximization.
Since income streams of an investment opportunity may actually obey different distributions of regime, it is thus non-trivial to direct the research to the case of concern. Earlier regime-switching option models such as Bollen (1998) appear to be limited in valuing an investment opportunity whose payoffs cannot be replicated with existing marketed securities. We then integrate the utility maximization framework into Bollen's two-regime, pentanomial lattice. Therefore, the research purposes of this research project are as follows:
1. To propose a general asset pricing framework which integrates utility maximization and regimeswitching features. 
Literature Review

Pricing in Incomplete Markets
Complete markets, by definition, describe the situation where the payoffs of the focus asset can be perfectly replicated or 'spanned' by a single marketed asset (also called a twin asset) or an equivalent portfolio of securities.
The replicating portfolio approach originates from the seminal studies by Black and Scholes (1973) and Merton (1973) in valuing European options in continuous time. Yet, empirical evidence suggests that financial markets in the real world are incomplete to investors due to transaction costs and other trading frictions (Aiyagari, 1993) , the misspecification of trading models, the difficulty of estimating input parameters, and the infeasibility of delta hedging (Figlewski, 1998) .
The main obstacle of valuation present in incomplete markets is that not all contingent claims are attainable, and even when they are, there may exist no unique price for the contingent claims. El-Karoui and Quenez (1995) address this valuation problem in incomplete markets, arguing that by arbitrage the price of the claim must lie between two bounds, the infimum and the supremum.
To deal with market incompleteness, financial economists such as Brennan and Schwartz (1982) and Cox, Ingersoll, and Ross (1985) suggest adjusting the drift rate of each stochastic process by an amount of a process-specific risk premium where the risk premium is derived from the equilibrium model of financial markets. With the adjustment of the drift rate, the market can be seen as if it is complete. Taking a different view, most researchers focus on searching for highly correlated marketed assets.
Regime-Switching Process
As mentioned earlier, a regime-switching process is characterized by the underlying asset with two or more stochastic processes from different data-generating probability distributions. Regime-switching models have been widely applied to explain economic behaviors in interest rates (Dahlquist and Gray, 1995) and exchange rates (Engle and Hamilton, 1990; Engle and Hakkio, 1996) . Literature on regime-switching models associated with options mostly centers on discontinuous information arrival leading to jumps (Naik, 1993) or capability of random switching among various distributional regimes (Gray, 1996 ; Bollen, 1998).
Research Methodology
Dynamic Programming
Assume that a finite sample space, ! , exists with
, where ! denotes the state of the world. All the investment and consumption behavior takes place at time
There is a probability measure P on ! , with ( ) 0 P ! " for all ! " # and 1 ( ) 1
. S denotes a security price process, S from time t to t+1 at a risk-free rate, r.
In addition, x denotes a security return process,
x is the return of security n from time t-1 to time t. Investor's wealth is denoted by a value process,
, which represents the total value of the portfolio at time t. The consumption plans, ( ) ( )( ) ( ) ( )
where r is risk-free rate and ( )
Suppose the investor's objective is to maximize his/her expected utility over terminal wealth ( T V 
By recursive optimizations for multi-periods, the temporal value function for any time period t can be expressed as ( )
where ( )
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Next, the same utility maximization problem needs to be solved without income streams in the budget constraints.
The recursive structures are exactly the same with the asterisk * removed. By equating the value functions at time 0, 0 J and 0 J ! , the certainty equivalent, denoted by CE, of the investment opportunity is shown as follows:
1 ln( )
Discrete Regime-Switching Model
Suppose there are ! possible regimes in the world.
The underlying variable therefore evolves as a random-switching process according to a risk-adjusted transition probability matrix which objectively reflects regime-switching uncertainty. It is important to note that the conditional transition probability matrix may differ if there is a time variation. The conditional transition probability matrix between time t-1 and t is expressed as follows:
denotes the transition probability from regime i ( )
The certainty equivalent at time t, conditional on regime i, is thus a weighted average of certainty equivalents at time t+1 with the weights drawn from the transition probability matrix:
It is then important to specify the starting probabilities at time zero. Let
be the starting probabilities at time zero for all the regimes. The certainty equivalent at time zero can be expressed as follows:
Numerical Analysis
In the numerical analysis, we assume that the means of both regimes are 5%, and that the standard deviations of high volatility regime and low volatility regime are 50% and 20%, respectively. The two-period recombining pentanomial lattice indicating both security price dynamics and project payoffs is displayed in Figure 1 . We assume that the current security price is $20, the risk-free rate is 5%, and t ! is one year. The starting probability for the high volatility regime is 0.5, which means that the starting probability for the low volatility regime is also 0.5. The transition probability is assumed to be constant over time and is 0.35 0.65 0.4 0.6
The corresponding probabilities for five nodes from top to bottom are assumed to be 0.4259, 0.3955, 0.3267, 0.2778, and 0.5741, respectively. The resulting certainty equivalent of the investment opportunity is presented in Figure 2 , which indicates a negative NPV for all the degrees of risk aversion. 
Conclusion
In this paper, it is found that the investor's risk preference may play an influential role in the investment decision-making process through the determination of certainty equivalents. When the investor is more risk-averse, the certainty equivalent of an investment opportunity is shown to be lower. It is also found that that when the project is near at-themoney, risk attitude is more crucial in making investment decisions. When one is less risk-averse than the indifferent investor, he tends to accept the project, and vice versa. The preceding examples demonstrated also reveal that the inverse relationship between certainty equivalent and risk attitude is less sensitive when the market is less incomplete. Finally, the application of valuing an investment opportunity whose project value follows a discrete regimeswitching process has been successfully integrated into the utility maximization model.
